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We describe the symmetry protected nodal points that can exist in magnetic space groups and
show that only 3-, 6-, and 8-fold degeneracies are possible (in addition to the 2- and 4-fold degenera-
cies that have already been studied.) The 3- and 6-fold degeneracies are derived from “spin-1” Weyl
fermions. The 8-fold degeneracies come in different flavors. In particular, we distinguish between
8-fold fermions that realize nonchiral “Rarita-Schwinger fermions” and those that can be described
as four degenerate Weyl fermions. We list the (magnetic and non-magnetic) space groups where
these exotic fermions can be found. We further show that in several cases, a magnetic translation
symmetry pins the Hamiltonian of the multifold fermion to an idealized exactly solvable point that is
not achievable in non-magnetic crystals without fine-tuning. Finally, we present known compounds
that may host these fermions and methods for systematically finding more candidate materials.
I. INTRODUCTION
The prediction and observation of Weyl1–8 and
Dirac9–13 fermions catalyzed an intense theoretical and
experimental search for topological nodal semimetals in
condensed matter systems.14–21 These systems provide a
solid state realization of the chiral8,22 and gravitational
anomalies23,24 and exhibit many novel physical proper-
ties, such as gapless Fermi arc surface states,1 extremely
large magnetoresistance,25 and giant nonlinear optical
response.26,27
Topological semimetals also illustrate the interplay be-
tween symmetry and topology: Weyl fermions can exist
without any symmetry, but are forbidden by the com-
bination of time reversal and inversion symmetry. On
the other hand, Dirac fermions rely on a combination
of crystal symmetries for their existence and their dis-
persion depends on the symmetries that protect them.28
Crystal symmetries can also protect nodal lines.29–39
In Ref. 40, we completed the catalogue of nodal point
fermions that exist in systems with time-reversal sym-
metry and spin-orbit coupling by showing that non-
symmorphic symmetries can stabilize 3-, 6-, and 8-fold
degeneracies at the corners of the Brillouin zone and,
furthermore, that chiral 4-fold degeneracies are possi-
ble. (We use chiral to refer to a nodal point that is a
source/sink of Berry curvature. This should not be con-
fused with the usage to refer to symmetry groups with
only orientation-preserving operations41,42, which we re-
fer to as structural chirality.) The multifold fermions in-
clude higher-spin analogues of Weyl and Dirac fermions,
which cannot be realized in high-energy physics because
they necessarily violate Poincare´ symmetry. Recently,
multifold fermions have been observed in several experi-
mental systems.43–46
However, the search for nodal semimetals has mostly
focused on non-magnetic materials, where time reversal
symmetry is present. There are two practical reasons
for this: first, hundreds of thousands of known com-
pounds are searchable by their crystal structure, but
not by their magnetic order, in the International Crystal
Structure Database (ICSD).47 Second, the phase space
of non-magnetic symmetries is much smaller: there are
230 non-magnetic space groups, but 1421 additional mag-
netic space groups. Yet, increasingly, attention is being
shifted to magnetic compounds. Several magnetic ma-
terials have been predicted to host Weyl48–57 and other
multi-fold fermions.58–60 Symmetry indicators and filling
constraints have also been computed for the magnetic
space groups.61 In addition, magnetic materials are de-
sirable for their large degree of tuneability: by varying
temperature60 or applied magnetic field62,63, potentially
many different phases can be realized.
The recent experimental progress combined with the
tuneability of magnetic materials motivates the study of
nodal fermions in magnetic systems. In this work, we
classify the degeneracy of fermionic quasiparticles that
can occur in the magnetic space groups with spin-orbit
coupling: as in the non-magnetic groups, we find that 3-,
6- and 8-fold degeneracies can occur, in addition to the
2- and 4-fold degeneracies already known. We identify
which of these are chiral and thus can be detected by their
gapless surface states and optical response42. We then
describe candidate materials to realize these fermions.
As part of our investigation, we uncover space groups
whose symmetries protect 8-fold Rarita-Schwinger (RS)
fermions. While “Rarita-Schwinger Weyl” fermions – the
chiral halves of a RS fermions – have already been pre-
dicted to exist in condensed matter systems40,64,65, the
full RS fermion had not been explicitly identified. We
find that these fermions can exist in both magnetic and
non-magnetic space groups (the latter case was included
in our classification in Ref. 40, but not identified as such).
Since the RS fermion is nonchiral, it can, but need not,
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2display surface Fermi arcs (the same is true for Dirac
fermions66,67).
Our work is applicable to materials with commensu-
rate magnetic order that breaks time-reversal symmetry
but preserves the product of time-reversal and a spatial
symmetry. We consider the limit where the magnetic
order is “frozen,” such that the system is described by
weakly interacting single-particle excitations. We leave
the treatment of incommensurate magnetic ordering and
dynamical magnetic moments to future work.
The paper is outlined as follows: in Sec. II we define
the magnetic space groups. In Sec. III we derive the mag-
netic space groups that can host 3-, 6-, and 8-dimensional
fermions. In Sec. IV we describe the Rarita-Schwinger
fermion. In Secs. V and VI we present the k ·p Hamilto-
nians that describe the threefold and sixfold degenerate
fermions. We present candidate material realizations in
Sec. VII. A discussion and outlook are in Sec. VIII.
II. MAGNETIC GROUPS AND
COREPRESENTATIONS
Of the 1421 magnetic space groups mentioned in Sec. I,
230 of them correspond to the ordinary space groups with
no anti-unitary symmetry operations. Since these “Type
I” groups do not contain time-reversal symmetry, they
can describe crystals with commensurate magnetic order.
However, they describe only a limited set of magnetic
orderings. A more complete set is given by space groups
that lack time reversal symmetry, but do contain other
anti-unitary elements. For a thorough introduction to the
magnetic space groups, we refer the reader to Refs. 68–
70. Here, we give a brief overview of the different types of
space groups, with and without anti-unitary symmetries,
following the notation of Ref 68.
Given a Type I group, H, adding time-reversal sym-
metry, T , as a generator yields a Type II (nonmagnetic)
group, H∪T H. Thus, there are also 230 Type II groups.
The remainder of the magnetic space groups contain
an anti-unitary generator that is the product of time-
reversal and a unitary symmetry operation, but do not
possess time-reversal symmetry itself. These groups can
be written in the form
G = H ∪ T g0H, (1)
where H is a Type I group and g0 /∈ H is a unitary ele-
ment. If the set g0H does not (does) contain a fractional
lattice translation, the group is referred to as a Type III
(Type IV) group. H is referred to as a halving subgroup
of G. Examples of each Type are shown in Fig. 1.
If we add time-reversal as a generator to G we obtain
the Type II group,
G′′ = G ∪ T G = G′ ∪ T G′, (2)
where G′ is the Type I group defined by
G′ = H ∪ g0H. (3)
Type I Type II
Type III Type IV
FIG. 1. Examples of Type I, II, III and IV groups. A Type I
group does not contain any anti-unitary elements. A Type II
group contains time-reversal and consequently every site must
have both spin degrees of freedom. A Type III group contains
the product of time-reversal and a unitary symmetry; in this
example a C6 rotation followed by time-reversal is a symmetry
of the lattice. A Type IV group contains the product of time-
reversal and a fractional lattice translation; in this example
a translation of xˆ followed by time-reversal is a symmetry of
the lattice, but xˆ is not itself a lattice vector. Type III and
IV groups necessarily have more than one site in the unit cell.
In all cases the blue square or hexagon outlines the unit cell.
G′′ describes the symmetry of G above the Neel tem-
perature. The relationship between H,G,G′ and G′′ is
depicted pictorially in Fig. 2.
G and H contain the same lattice translations and
hence have the same unit cell (even in the Type IV case,
where g0H contains a fractional lattice translation, this
translation by itself is not an element of G; it is only
an element of G when followed by T .) In the Type III
groups, G′ and G′′ have the same unit cell as G and H,
while in the Type IV groups, G′ and G′′ have a different
(smaller) unit cell than G and H.
A. Examples
We present examples of G,G′, G′′ and H in a Type III
and Type IV group.
Let G be the Type III group depicted in Fig. 1. G is
generated by the product of a six-fold rotation and time-
reversal symmetry, as well as the translation vectors of
the honeycomb lattice; the six-fold rotation, which is not
itself a symmetry of G, plays the role of g0 in Eq. (1). The
unitary subgroup, H, of G, is generated by a three-fold
rotation and translations. In contrast, the unitary group
G′ is generated by the six-fold rotation and translations
(and therefore contains elements that are not in G, as
depicted in the Venn diagram in Fig. 2.) The Type II
supergroup G′′ has the same generators as G′ and, in
addition, time-reversal symmetry; therefore G′′ contains
3G’

Type I
G

Type III/IV
H

Type I
G’’

Type II
FIG. 2. Overlap of the groups H,G,G′ and G′′ defined in
Eqs. (1) to (3). The blue circle indicates the Type III or IV
magnetic group, G, while the pink circle indicates the Type
I (unitary) group G′. Their intersection, H = G ∩ G′, is
exactly the unitary part of G. The time-reversal-invariant
Type II group G′′ contains both G and G′; the complement
G′′ \ (G ∪G′) = T H contains only antiunitary elements.
G, G′ and H as subgroups.
As a second example, let G be the Type IV group
depicted in Fig. 1. G is generated by a four-fold rotation
about the origin, translations by xˆ±yˆ, and the product of
time-reversal and a translation by xˆ (the translation by xˆ
plays the role of g0 in Eq. (1) and is not a symmetry of G,
since it moves an up spin to a down spin in Fig. 1.) The
unitary subgroup, H, of G, is generated by a four-fold
rotation and translations by xˆ ± yˆ. The unitary group
G′ is generated by the generators of H and, in addition,
the translation by xˆ. Hence, G′ has a smaller unit cell
than G, as is always the case in a Type IV group. The
Type II supergroup G′′ has the same generators as G′, in
addition to time-reversal symmetry.
B. Magnetic group labelling conventions
There are two conventions to describe Type III and
Type IV groups, the Belov-Nerenova-Smirnova71 (BNS)
and the Opechowski-Guccione72 (OG) notations. We uti-
lize the BNS notation because it more naturally accom-
modates the magnetic Brillouin zone, which is crucial for
correctly determining degeneracies in the band structure
of magnetic compounds. While we again refer the reader
to Refs. 68–70 for details, we briefly summarize the BNS
notation here. Each magnetic space group is assigned
both a symbolic label (e.g. P4′332
′ or PI213) and a nu-
meric label (e.g. 212.61 or 198.11). The symbolic label
uses the Hermann-Mauguin notation for space groups,
with two additions: 1) a prime after an operation indi-
cates that the operation is not in the space group, but
the product of that operation and time-reversal symme-
try is, and 2) in the Type IV groups, the lattice has a
subscript indicating the magnetic Bravais lattice. The
numeric label consists of two numbers: in the Type III
groups, the number before the decimal point corresponds
to the unitary group G′, while in Type IV groups, the
number before the decimal point corresponds to the uni-
tary subgroup H. The number after the decimal point is
an index.
III. IRREDUCIBLE COREPS OF Gk
We are interested in degeneracies that occur at high-
symmetry points in the Brillouin zone. An n-fold de-
generacy at a point k occurs if there is an n-dimensional
irreducible corepresentation of the little group, Gk, which
consists of all symmetry operations that leave k invari-
ant modulo a reciprocal lattice vector (an equivalence
denoted by “≡”):
Gk ≡ {g ∈ G|gk ≡ k}, (4)
where equality in momentum space is defined modulo
a reciprocal lattice vector and translations act trivially
in momentum space. Corepresentations are the gener-
alization of representations to groups with anti-unitary
elements; for simplicity we will refer to irreducible corep-
resentations as irreps, whether or not they contain antiu-
nitary elements.
In the Type I groups, Gk is always unitary and its ir-
reps are easily looked up on the Bilbao Crystallographic
Server (BCS)73 or in Ref. 68. Previously40, we used these
tables to find the high-dimensional irreps for the Type I
and II groups; the results are reproduced in Table I. How-
ever, the analogous searchable tables do not yet exist for
magnetic groups. In this section, we explain how to ef-
ficiently find the irreducible coreps of dimension 3-, 6-
and 8- in the Type III and IV groups from the tables
in Ref. 70, which list the dimensionality of all irreps at
all high-symmetry points in the remaining 1191 magnetic
space groups. We need only consider the high-symmetry
points because their little groups contain the little groups
of all other points in the BZ. We focus exclusively on
the “double-valued” irreps, where 2pi rotations are rep-
resented by −I, (I denotes the identity matrix); these
describe systems with non-negligible spin-orbit coupling,
which we expect to apply to many magnetic systems.
A. Type III groups
In the Type III groups, G,H,G′ and G′′ share the same
BZ. Thus, if there is a 3-, 6-, or 8-fold degeneracy at k in
G, then there must also be a 3-, 6-, or 8-fold degeneracy
at k in the Type II group G′′, which has more symme-
try than G. The Type II groups with 3-, 6- and 8-fold
degeneracies were enumerated by us in Ref. 40, and re-
produced in Table I for convenience. Consequently, we
can find all magnetic Type III space groups with these
degeneracies by scanning the tables in Ref. 70 for Type
III groups whose numeric label starts with one of the G′′
listed in Table I (recall that G′′ and G′ have the same
numeric label and that the tables in Ref. 70 are sorted in
4Deg. SG k Deg. SG k
3 I213 (199) P 8 P4/ncc (130) A
3 I4132 (214) P 8 P42/mbc (135) A
3 I 4¯3d (220) P 8 P 4¯3n (218) R
6 P213 (198) R 8 I 4¯3d (220) H
6 Pa3¯ (205) R 8 Pn3¯n (222) R
6 Ia3¯ (206) P 8 Pm3¯n (223) R
6 P4332 (212) R 8 Ia3¯d (230) H
6 P4132 (213) R
6 Ia3¯d (230) P
TABLE I. Type II space groups that display 3-, 6- and 8-fold
fermions with spin-orbit coupling, reproduced from Ref. 40.
The first column indicates the degeneracy, the second column
the space group, and the third the high-symmetry point. The
same columns are repeated to the right of the double-line
for the 8-fold degeneracies. In the Type I groups, the 3-fold
crossings remain 3-fold, the 6-fold crossings split into two 3-
folds, and the 8-fold crossings split into two 4-folds.
BNS notation, which lists Type III groups by G′.) The
results are shown in Table II.
B. Type IV groups
We need to be more clever for the Type IV groups
because their BNS label contains H, but not G′. In ad-
dition, since G′ and G have different Brillouin zones, it
is not immediately evident how to find the irreps of Gk
from those of G′k.
We start by relating irreps of Gk to those of Hk. As
discussed in Sec. II, G and H always have the same BZ.
Hence, Hk is exactly the unitary part of Gk for every k.
Thus, if Gk is unitary, then Gk = Hk. It follows that the
irreps of Gk (and their dimensionality) are exactly the
irreps of Hk, which can be looked up on the BCS.
Now suppose Gk contains anti-unitary elements. Then
there must exist an h0 ∈ H such that
T g0h0k ≡ k, (5)
where g0 is defined in Eq. (1); otherwise, Gk would be
unitary. We prove in Appendix A that Gk takes the form
Gk = Hk ∪ T g0h0Hk. (6)
It follows that the dimensionality of the irreps of Gk are
determined by examining each irrep of Hk and deter-
mining whether its dimension stays the same or doubles
when an anti-unitary generator (T g0h0) is added to the
group. The algorithm for determining this is detailed in
Refs. 68 and 70. However, because implementing the al-
gorithm directly is time consuming, we now explain how
to use the existing tables70 to efficiently search the Type
IV magnetic groups for a group, G, and high-symmetry
point, k, such that Gk has a 3-, 6-, or 8-dimensional irrep.
Since each irrep of Gk either has the same or double
the dimensionality of an irrep of Hk, a necessary condi-
tion for Gk to have a 3-, 6-, or 8-dimensional irrep is that
Hk have a 3- or 4-dimensional irrep (double-valued irreps
of Hk are at most 4-dimensional.
40,68,73) We have enu-
merated the Hk with 3- or 4-dimensional double-valued
irreps in Tables VI and VII in Appendix B. For reference,
we have also enumerated the 3-, 4-, and 6-dimensional
single-valued irreps in Appendix C. These can be used to
extend our results to magnetic materials with negligible
spin-orbit coupling.
The tables in Ref. 70 list the irreps of the magnetic
space groups at all high-symmetry points in BNS nota-
tion, which, for Type IV groups, is sorted by the unitary
subgroup H. Thus, for each H and k in Table VI or
VII, we search Ref. 70 for the magnetic groups derived
from H and determine which of these have the 3-, 6-, or
8-dimensional double-valued irreps we seek. The results
are in Table II.
C. Summary of results
The cases where Gk has a 3-, 6-, or 8-dimensional irrep
or corep are listed in Table II.
In the following sections, we describe the results in
more detail. In particular, in Sec. IV we prove which
of the 8-dimensional irreps describe Rarita-Schwinger
fermions. In Sec. V, we prove that all of the 3-
dimensional irreps carry a charge-2 monopole of Berry
curvature, which we named a “spin-1 Weyl” in Ref. 40;
consequently, they are accompanied by surface Fermi
arcs. (All magnetic threefold degeneracies are non-
degenerate away from the nodal point, in contrast to
some nonmagnetic cases.) In Sec. VI, we show that all
of the 6-fold fermions are nonchiral and topologically
equivalent to two opposite-chirality copies of the spin-
1 Weyl; we appropriately refer to them as “spin-1 Dirac”
fermions. In general, we find that the Type IV groups
have an extra symmetry constraint that pins the k · p
Hamiltonian to an exactly solvable point, which would
not be achievable in the non-magnetic space groups with-
out fine-tuning.
IV. RARITA-SCHWINGER FERMIONS
A generalization of Dirac fermions, Rarita-Schwinger
(RS) fermions are relativistic particles transforming in
the spin-3/2 representation of the rotation group74. Al-
though never observed as fundamental particles, RS
fermions play an essential role in supergravity: the su-
persymmetric partner to the graviton is predicted to be a
RS particle75. The Hamiltonian of a massless RS fermion
takes the little-known form76
HRS = τz ⊗ (k · J)
(
13
4
− (k · J)
2
|k|2
)
, (7)
where J is the vector of spin-3/2 matrices, and τz is a
Pauli matrix acting in the chirality basis. Note that since
the spin-3/2 matrices do not all anticommute, the second
5Type G BNS H G′ k
III P4′332
′ 212.61 198 212 R
III P4′132
′ 213.65 198 213 R
III I4′132
′ 214.69 199 214 P
III I 4¯′3d′ 220.91 199 220 P
III Ia3¯d′ 230.148 206 230 P
IV PI213 198.11 198 199 R
IV PI4332 212.62 212 214 R
IV PI4132 213.66 213 214 R
(a) 3-fold degeneracies
Type G BNS H G′ k
III Pa′3¯′ 205.35 198 205 R
III Ia′3¯′ 206.39 199 206 P
III Ia′3¯′d 230.147 220 230 P
III Ia′3¯′d′ 230.149 214 230 P
IV PIa3¯ 205.36 205 206 R
(b) 6-fold degeneracies
Type G BNS H G′ k
III Pn′3¯′n′ 222.102 207 222 R
III Pm′3¯′n′ 223.108 208 223 R
III Ia′3¯′d′ 230.149 214 230 H
IV PI4/nbm 125.374 125 140 A
IV PC4/nnc 126.385 126 124 A
IV PC4/nmm 129.420 129 129 A
IV PC42/mmc 131.445 131 132 A
IV PI42/mcm 132.458 132 140 A
IV PC42/mnm 136.504 136 127 A
IV PI 4¯3m 215.73 215 217 R
IV PIm3¯m 221.97 221 229 R
IV PIn3¯m 224.115 224 229 R
(c) 8-fold degeneracies
TABLE II. Magnetic space groups, G, with 3-, 6- and 8-dimensional irreps. The first column in each table indicates whether the
group is Type III or Type IV; the second column gives the symbolic name of the group in BNS notation; the third column gives
the space group number in BNS notation; the fourth column gives the number of the unitary subgroup; the fifth column gives
the number of the corresponding Type I group, G′, (Eq. (3)); and the sixth column gives the k point where the 3-dimensional
irrep is located. Each group would be listed in the ICSD under G′, which describes the unitary part of the enlarged space
group when time-reversal symmmetry is restored.
term in the parentheses is non-analytic in k. Because of
this, we should not expect to reproduce this term in a
k ·p expansion for a crystal Hamiltonian. It has recently
become fashionable42,64,65 to refer to quasiparticles de-
scribed by the Hamiltonian
HRS∗ = τz ⊗ (k · J), (8)
which corresponds to two decoupled spin-3/2 fermions of
opposite chirality, as RS fermions; we shall refer to these
as RS* fermions to emphasize the differences. While the
Hamiltonians HRS and HRS∗ share the same eigenstates,
they are not topologically equivalent. To see this, let us
focus on the + chirality. Using the results of Refs. 40
and 77, we see that the positive energy bands in the RS
Hamiltonian are degenerate (as mandated by Lorentz in-
variance), with Chern numbers +3 and +1 (we define the
Chern number of a band to be the Chern number of a
putative Fermi surface which resides in that band). In
the RS* Hamiltonian, on the other hand, all bands are
non-degenerate away from k = 0. Though distinct, both
of these are homotopic to different phases of the “spin-
3/2 fermion” introduced in Ref. 40. In Ref. 40, the RS
spectrum was realized as the critical point in the phase
diagram of the spin-3/2 fermion, while the RS* Hamilto-
nian was realized at a fine-tuned point.
We will now search for quasiparticles near band de-
generacies in crystals that can reproduce the dynamics
of the 8 × 8 RS and RS* Hamiltonians. Let us first re-
visit the k ·p Hamiltonians for the eightfold degeneracies
in the nonmagnetic Type II space groups Pn3¯n1′ (222)
and Pm3¯n1′ (223). While we will primarily reproduce
the results of Ref. 40, we will do so in a way which gen-
eralizes to a treatment of multifold degeneracies in other
(magnetic) space groups, and sheds new light on some of
the complicated k · p Hamiltonians presented there.
To begin, we note that the two Type II space groups
k No SOC SOC
Γ 3 4
R 6 8
M - 4
X 4 4
TABLE III. 3-, 4-, 6- and 8-fold degeneracies in the nonmag-
netic Type II space groups Pn3¯n1′ and Pm3¯n1′.
Pn3¯n1′ and Pm3¯n1′ (the 1′ indicates that time-reversal
symmetry is a generator) can be expressed in terms of
Type II halving subgroups,
Pn3¯n1′ ≈ P4321′ ∪
{
I|1
2
1
2
1
2
}
P4321′ (9)
Pm3¯n1′ ≈ P42321′ ∪ {I|0}P42321′, (10)
where “≈” denotes a group isomorphism and we have
used the standard notation68 where {R|t} denotes a point
group operation R following by a translation t; I indi-
cates the inversion symmetry operation. In Table III,
we list the high symmetry points in these space groups
with 3-, 4-, 6- and 8-fold degeneracies, and their degen-
eracy with and without spin-orbit coupling. Let us focus
first on the group Pn3¯n1′ (SG 222); the halving sub-
group in this case is, from Eq. (9), the symmorphic space
group P4321′ (SG 207), with point groupO. Because this
group is symmorphic, we can determine its little group
representations at any k point by examining the com-
mutation relations between the generators of the point
group O = 〈C4z, C3,111〉, T , and the coset representative
g =
{
I| 12 12 12
}
. In particular,
gC4zg
−1 = {C4z|100} (11)
gC3,111g
−1 = C3,111 (12)
gT g−1 = T (13)
6For any point k which is not a TRIM, the element g will
not be in the little group Gk. Thus, for these k points,
the little groups in space groups P4321′ and Pn3¯n1′ coin-
cide. For the TRIM points, however, the size of the little
group in SG Pn3¯n1′ is doubled relative to SG P4321′.
Eqs. (11) to (13) show that at a TRIM point, k, a repre-
sentation, ∆k, of the little group in SG Pn3¯n1
′ satisfies
the following commutation relations;
∆k(g)∆k(ti)∆k(g)
−1 = ∆k(−ti) (14)
∆k(g)∆k(C4z)∆k(g)
−1 = e−ik·t1∆k(C4z) (15)
∆k(g)∆k(C4x)∆k(g)
−1 = e−ik·t2∆k(C4x) (16)
∆k(g)∆k(C4y)∆k(g)
−1 = e−ik·t3∆k(C4y) (17)
∆k(g)∆k(C3,111)∆k(g)
−1 = ∆k(C3,111) (18)
∆k(g)∆k(T )K∆k(g)−1 = ∆k(T )K, (19)
where K is the complex conjugation operation, and {ti}
are a basis for the cubic Bravais lattice. Since we are
primarily interested in the eightfold degenerate fermion
in this space group, let us focus on the R point. To prove
that the low-energy theory near R is described by the RS
or RS∗ Hamiltonian, we will build the eight-dimensional
representation ∆k out of the four-dimensional spin-3/2
representation of the R point in P4321′. We will show
how the inclusion of g in the little group requires the
degeneracy of the spin-3/2 representation to double, and
that the k · p Hamiltonian takes a RS form.
A. Doubling of the Degeneracy
The reduced coordinates of the R point are ( 12 ,
1
2 ,
1
2 ).
The little group at R, which we denote by G222R (the su-
perscript 222 indicates the numeric symbol for Pn3¯n1′),
contains the entirety of space group P4321′, as well as
the coset representative g. By taking k = ( 12 ,
1
2 ,
1
2 ) in
Eqs. (14) to (19), the commutation relations show that
at the R point, the representative of g must commute
with the representative of C3,111, and anticommute with
the representatives of C4x, C4y and C4z. Let us focus on
the spin-3/2 representation, ρ, of the little group G207R
(the superscript 207 indicates the numerical symbol for
P4321′), and use it to build a representation ∆ of G222R .
We will show first that we cannot consistently define a
four-dimensional representation matrix for g, and hence
conclude that the fourfold degeneracy at R in space group
P4321′ doubles when going to space group Pn3¯n1′. For
convenience, we introduce the spin-3/2 matrices,
Jx =
1
2

0
√
3 0 0√
3 0 2 0
0 2 0
√
3
0 0
√
3 0
 (20)
Jy = − i
2

0
√
3 0 0
−√3 0 2 0
0 −2 0 √3
0 0 −√3 0
 (21)
Jz =
1
2
 3 0 0 00 1 0 00 0 −1 0
0 0 0 −3
 (22)
We also introduce two-by-two Pauli matrices σi and
τi, such that the τi exchange the two-by-two blocks in
the spin-3/2 basis, and the σi act within the blocks. Us-
ing these matrices, the spin-3/2 representation ρ can be
written as,
ρ(C3,111) = exp
[
− 2pii
3
√
3
(Jx + Jy + Jz)
]
(23)
ρ(C4z) = exp
(
− ipi
2
Jz
)
= − 1√
2
(σzτz + iσ0τz) (24)
ρ(T ) = exp (−ipiJy)K = σyτxK (25)
Since g2 = E, and since ρ(g) must anticommute with
ρ(C4z), it must be that
ρ(g)
?
= (ασz + βσ0)⊗ (γτx + δτy) (26)
Since ρ(g) must also commute with ρ(T ), it must be that
α = 0, and so our putative ρ(g) takes the form
ρ(g)
?
= γτx + δτy. (27)
However, upon attempting to enforce the constraint
[ρ(g), ρ(C3,111)] = 0, (28)
we find δ = γ = 0. Thus, we conclude that there does not
exist a four-dimensional representation of G222R in space
group Pn3¯n1′ that reduces to the spin-3/2 representa-
tion in space group P4321′. Therefore, upon adding the
symmetry g to space group P4321′, the four dimensional
representation at R must double in size. One convenient
choice of basis for this eight-dimensional irreducible rep-
resentation ∆ in space group Pn3¯n1′ is given by
∆(C4z) = exp
(
− ipi
2
Jz
)
⊗ µz (29)
∆(C3,111) = exp
[
− 2pii
3
√
3
(Jx + Jy + Jz)
]
⊗ µ0 (30)
∆(T ) = exp (−ipiJy)⊗ µ0K (31)
∆(g) = µx, (32)
7where we have introduced a new set of Pauli matrices µ
which act to exchange the different copies of ρ in this
eight-dimensional irrep. It is clear that by breaking in-
version symmetry and reducing G222R to G
207
R , the repre-
sentation ∆ restricts to
∆ ↓ G207R = ρ⊕ ρ (33)
B. RS Hamiltonian
We have thus constructed an eight-dimensional repre-
sentation at the R point in space group Pn3¯n1′ in a basis
that makes explicit the important of the inversion sym-
metry g. We will now impose these symmetry constraints
on the k ·p Hamiltonian expanded about R. We will see
that our choice of basis makes the connection to the RS
and RS* Hamiltonian manifest.
To begin, let us write the k · p Hamiltonian near the
R point as
HR(k) =
(
A(k) B(k)
B†(k) C(k)
)
, (34)
in terms of the 4 × 4 block matrices A,B and C. Next,
From Eq. (33) we deduce that
A(k) = H207(k), (35)
where H207(k) is the spin-3/2 generalized k · S Hamil-
tonian presented in Ref. 40. It can be in either the RS
or RS* phase. The next simplest symmetry to impose is
the composite gT , which yields the constraint
HR(k) = σyτxµxH
∗
R(k)σyτxµx, (36)
which implies that
C(k) = σyτxH
∗
207(k)σyτx (37)
BT (k) = σyτxB(k)σyτx (38)
Eq. (37) fully determines C(k): we see that if B(k) = 0,
then the Hamiltonian HR(k) would be homotopic to the
nonchiral RS and RS* Hamiltonians. However, Eq. (38),
combined with the constraints of C3 symmetry, also allow
for a single nontrivial solution:
B(k) = c (kxσyτz + kyσxτz + kzτy)µy. (39)
Thus, we see that the general k · p Hamiltonian for
the eightfold degeneracy at the R point of space group
Pn3¯n1′ consists of two spin-3/2 fermions of opposite chi-
rality, coupled with the k-dependent matrix B(k). In
the language of high-energy physics, this corresponds to
a nonchiral RS or RS* fermion with a k-dependent mass
B(k)µy. The matrix µz is the chirality matrix, which,
due to the presence of the mass term, is not a conserved
quantity, unless c = 0. When c is not zero, the chirality
of a given state is a time-dependent quantity which oscil-
lates with momentum-dependent frequency ωC = 2c|k|.
SG k
P4/ncc1′ (130) A
P42/mbc1
′ (135) A
P 4¯3n1′ (218) R
I 4¯3d1′ (220) H
Pn3¯n1′ (222) R
Pm3¯n1′ (223) R
Ia3¯d1′ (230) H
TABLE IV. Non-magnetic space groups with time-reversal
symmetry and SOC that display eightfold degeneracies, as
shown in Refs. 40 and 78.
The essential ingredients for the preceding analysis in
this section to hold are a cubic point group and the com-
bined antiunitary symmetry gT . Consequently, if g and
T are broken by magnetism, but their product is pre-
served, the eightfold degeneracy at R need not split. In-
stead, the form of the coupling B(k) will change.
C. Space groups that can host nonchiral RS
fermions
To fully enumerate the RS fermions that can occur
in crystals, we now examine the eightfold degeneracies in
other magnetic and nonmagnetic space groups. We begin
with the nonmagnetic groups.
1. Nonmagnetic
We showed in Ref. 40 (concurrently with Ref. 78) that
there are seven nonmagnetic Type II space groups with
eightfold degeneracies in the presence of SOC; these are
listed in Table IV. We now show that all of the eightfold
fermions in the cubic groups are of the Rarita-Schwinger
type, while those in the tetragonal space groups are dis-
tinct.
First, the little group of space group Pm3¯n1′ at the R
point is isomorphic to G222R . As such the analysis and k·p
Hamiltonian derived in Secs. IV A and IV B also apply
to the RS fermions in this space group. Next, recall that
the Type II space groups I 4¯3d1′ (220) and P 4¯3n1′ (218)
also host eightfold degeneracies, at the H and R points
respectively; in Ref. 40 these were found to have a quite
complicated k · p Hamiltonian. However, they yield the
coset decompositions
P 4¯3n1′ = P231′ ∪ {m11¯0|
1
2
1
2
1
2
}P231′ (40)
I 4¯3d1′ = I2131′ ∪ {m11¯0|
1
4
3
4
3
4
}I2131′, (41)
which show that in both cases the eightfold fermions
emerge from an anti-chiral doubling of the four dimen-
sional irreducible corepresentation 1F¯ 2F¯ of the struc-
turally chiral tetrahedral group T (isomorphic to the lit-
tle cogroup of P231′ at the R point, and I213′ at the H
8point.) As this corepresentation is the restriction of the
spin-3/2 representation of the structurally chiral octahe-
dral group O, we can follow the same logic as in Sec. IV B
to find the k · p Hamiltonian
H218(k) =
(
H195(k) B(k)
B†(k) σyτxH∗195(k)σyτx
)
. (42)
Here H195(k) is the k · p Hamiltonian for the spin-3/2
fermions in tetrahedral space groups, first given in a dif-
ferent basis in Refs. 42 and 43. It is a generalization of
the Hamiltonian H207(k), with one additional free pa-
rameter, due to the fact that SG 195 lacks {C4z|000} as
a generator. We find that the chiral coupling B(k) is a
three-parameter generalization of Eq. (39), whose explicit
form is not particularly enlightening. Because the k · p
Hamiltonian H218(k) reduces to HR(k) of Eq. (36) for a
particular choice of parameters, we conclude that space
groups P 4¯3n1′ and I 4¯3d1′ can also host RS fermions.
Finally, space group Ia3¯d1′ also hosts an eightfold de-
generacy. This space group is obtained by adding inver-
sion symmetry to space group I 4¯3d1′. This restricts the
k·p Hamiltonian in Ia3¯d1′ to the form of Eq. (36). Hence
this space group hosts RS fermions as well.
Thus, we have shown that all eightfold fermions in the
cubic, nonmagnetic space groups are of Rarita-Schwinger
type. We now prove that the eightfold fermions in the
tetragonal space groups P4/ncc1′ (130) and P42/mbc1′
(135) are fundamentally different. These space groups
can also be written as a coset decomposition in terms
of structurally chiral halving subgroups, which take the
form
P4/ncc1′ = P42121′ ∪ {I|000}P4212′1 (43)
P42/mbc1
′ = P422121′ ∪ {I|000}P422121′. (44)
Each of these halving subgroups hosts a fourfold degen-
erate “doubled spin-1/2” fermion41,42,79, which is phe-
nomenologically distinct from a spin-3/2 fourfold degen-
eracy (i.e. there are no Chern number 3 bands, and no
cubic rotational symmetries). Upon the addition of inver-
sion symmetry, these double spin-1/2 degeneracies dou-
ble again, yielding an eightfold degeneracy which was
aptly named a double-Dirac fermion78. Thus, the tetrag-
onal double Dirac fermions are distinct from Rarita-
Schwinger fermions.
2. Magnetic
We proved in the previous section that every cubic
Type II space group with eightfold degeneracies hosted
Rarita-Schwinger fermions. The same is true for the
Type III magnetic groups. To see this, note that every
cubic Type III magnetic space group with an eightfold
degeneracy is a subgroup of a Type II space group which
also has an eightfold degeneracy. One can thus obtain
the k ·p Hamiltonian for each Type III group by starting
from the RS Hamiltonian in the Type II group, and re-
laxing symmetry constraints. This means that if the RS
Hamiltonian is accessible as a point in parameter space
for the Type II group, it must also be for the Type III
group.
To conclude, we analyze the Type IV magnetic groups
which host eightfold degeneracies. We will show below
that these do not give RS fermions, but are still rather
novel. There are three cases given in Table II. Each has
a coset decomposition in terms of a Type IV structurally
chiral halving subgroup:
PI 4¯3m = PI23 ∪ {S4|000}PI23 (45)
PIm3¯m = PI432 ∪ {I|000}PI432 (46)
PIn3¯m = PI4232 ∪ {I|000}PI4232 (47)
In all three cases, the structurally chiral halving subgroup
features a fourfold chiral fermion at the R point. Upon
the addition of the orientation reversing symmetry (in-
version or rotoinversion), the degeneracy doubles yielding
a nonchiral eightfold degenerate fermion. We illustrate
this for only the simplest case, PIm3¯m, as all three cases
are similar. At the R point, the little group of the halv-
ing subgroup PI432 has the following four dimensional
irreducible correp ρ, expressed in the basis introduced in
Sec. IV B:
ρ({C4z|000}) = e−ipi/2Jz (48)
ρ({C3,111|000}) = e−2pii/(3
√
3)(Jx+Jy+Jz) (49)
ρ({T |1
2
1
2
1
2
}) = τzσx (50)
Imposing these symmetry constraints, the fourfold
fermion at the R point in PI432 takes the particularly
simple form
H4(k) = kzσz + kxσxτx − kyσyτx, (51)
which describes a perfectly isotropic doubled spin-1/2
fermion.42 Note that the twofold degeneracy at generic
k will be lifted by quadratic corrections. Imposing in-
version symmetry results in the eight-dimensional co-
representation of the little group in PIm3¯m:
∆({C4z|000}) = e−ipi/2Jzµ0 (52)
∆({C3,111|000}) = e−2pii/(3
√
3)(Jx+Jy+Jz)µ0 (53)
∆({T |1
2
1
2
1
2
}) = τzσxµz (54)
∆({I|000}) = µx (55)
Imposing these symmetry constraints on the k ·p Hamil-
tonian H(k), we find
H(k) = H4(k)⊗ (aµz − bµy). (56)
This describes a perfectly isotropic double Dirac fermion,
which is fourfold degenerate everywhere at linear or-
der. In particular, this Hamiltonian describes two de-
coupled doubled spin-1/2 fermions of opposite chirality,
9with chirality matrix aµz − bµy. This is distinct from
an RS fermion. However, because the doubled spin-
1/2 fermions of opposite chirality number are decou-
pled to linear order, we expect that these double Dirac
fermions exhibit an anomalous negative magnetoresis-
tance in analogy to a Dirac semimetal.80
V. CHIRAL THREEFOLD FERMIONS
We now turn to the threefold degenerate fermions
listed in Table II. Before describing the magnetic groups,
we recall the “spin-1 Weyl” introduced in Ref. 40, de-
scribed by the local Hamiltonian,
HWeyl-1(φ,k) =
 0 eiφkz −e−iφkxe−iφkz 0 eiφky
−eiφkx e−iφky 0
 (57)
We have omitted an overall scale factor and energy shift
that are not determined by symmetry and which do
not impact the topological properties. At φ = pi/2,
HWeyl-1(pi/2,k) = k · S, where Sx,y,z are the generators
of SO(3) in the spin-1 representation (this explains the
nomenclature). HWeyl-1 has the property that at generic
values of φ (i.e., φ 6= npi/3), the bands are only degen-
erate at k = 0. Thus, we can evaluate the Chern num-
ber of each band over a sphere enclosing the degeneracy
point; the Chern number is either ±2 or 0 depending on
whether the Fermi energy is in the upper/lower bands or
the middle band.40
The spin-1 Hamiltonian in Eq. (57) was derived as the
k · p Hamiltonian near the P ≡ (1/4, 1/4, 1/4) point in
SG I213 (199). The little group of this point, which we
denote G199P , is generated by {C3,111|0} and {C2z| 120 12},
along with the Bravais lattice translations.81 The spin-1
representation of this group, as given in the BCS73, is
∆({C3,111|0}) =
0 0 −11 0 0
0 1 0

∆({C2z|1
2
0
1
2
}) = Diag [1, 1,−1] (58)
Now let us consider the magnetic groups in Table II.
A. Type III groups
We first consider SGs P4′332
′ (212.61) and P4′132
′
(213.65). In these groups, the little group at the three-
fold degeneracy contains G199P as a halving subgroup:
Gk = G
199
P ∪ gG199P , (59)
where g = {C2,110| 14 34 34}T in P4′332′ and g =
{C2,110| 34 14 14}T in P4′132′.82 These two groups are enan-
tiomorphic partners: they differ only by one generator,
which is indicated by the subscript 43 or 41.
We could derive the representation of Gk from Eq. (58)
with g as an additional generator, as we did in Eqs. (14)
to (19). However, this work is already done if we con-
sider the time-reversal invariant supergroup Gk ∪ T Gk,
for which the representations are listed on the BCS.73
The time-reversal invariant supergroup of P4′332
′ is
P43321
′ (212). Its six-dimensional time-reversal invari-
ant little group representation at R, ∆212, is given by,
∆212({C3,111|0}) = ∆({C3,111|0})⊗ σ0
∆212(({C2z|1
2
0
1
2
}) = ∆({C2z|1
2
0
1
2
})⊗ σ0
∆212({C2,110|1
4
3
4
3
4
}) =
0 i 0i 0 0
0 0 i
⊗ σz
∆212(T ) = I3 ⊗ iσyK (60)
This representation is irreducible. However, in the mag-
netic group P4′332
′, {C2,110| 14 34 34} and T are not sep-
arately generators, only their product (g) is a genera-
tor. Since it is possible to simultaneously block diagonal-
ize ∆212({C3,111|0}), ∆212({C2z| 120 12}) and ∆212(g) =
∆212({C2,110| 14 34 34})∆212(T ) into 3×3 blocks, this repre-
sentation of P4′332
′ is reducible. Each 3 × 3 block is
itself an irrep of the little co-group of P4′332
′, which
constitutes a three-dimensional fermion in the magnetic
group P4′332
′. (The two blocks together comprise a six-
fold fermion which is irreducible in the Type II group
P43321
′, as was described in Ref. 40.)
Following the same procedure as in Sec. IV B, the k ·p
Hamiltonian at R = ( 12 ,
1
2 ,
1
2 ) is exactly given by the spin-
1 Weyl Hamiltonian in Eq. (57); the extra generator gT
does not place any further constraint on the Hamilto-
nian. Thus, in P4′332
′, the chiral fermion at the R point
will exhibit all of the same exotic features – for example,
double Fermi arcs and a striking Landau level spectrum
– as the three-fold fermion in SG I213 that we studied
extensively in Ref. 40.
In SG P4′132
′, the Type II supergroup is P41321′(213).
The equations are identical to Eq. (60) and hence
P4′1321
′ also hosts a spin-1 Weyl.
We now consider I4′132
′ (214.69), which is the body-
centered generalization of P4′332
′ and P4′132
′. It does not
have an enantiomorphic partner because it contains both
g = {C2,110| 34 14 14}T and {C2,110| 14 34 34}T (here and below,
when we write {R|t}, the vector t is written with respect
to the conventional cubic lattice vectors, consistent with
the notation of the BCS.) The little group is the same as
in the previous two cases, with the addition of the body-
centered translation vectors. Thus, the threefold fermion
– now at the P point – is identical to that in I213.
Next we consider I 4¯′3d′ (220.91), which has g =
{m11¯0| 14 14 14}T .82 In this case, g is not in the little group
at P ; hence, the little group is unitary and thus the
low-energy dispersion near P is identical to G199P . Al-
though in its parent time-reversal invariant space group,
I 4¯3d1′, line nodes emanate from the three-fold degener-
ate point,40 in the magnetic group the bands are non-
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degenerate away from the three-fold degeneracy because
the glide symmetry that protected the line nodes (in com-
bination with {C3,111|0}) is broken down to g.
Finally, we consider the last Type III group with a
three-fold degeneracy, Ia3¯d′ (230.148), which has g =
{C2,110| 34 14 14}T .82 In this case, g is in the little group
at P , and the little group has the same generators as
I4′132
′; consequently, it also displays a three-fold degen-
eracy identical to that in I213.
B. Type IV groups
We now consider the Type IV groups with three-fold
degeneracies. When considering the Type IV groups, we
will not use its Type II supergroup because it does not
have the same Brillouin zone and hence, generically, the
little group in the Type II supergroup contains fewer el-
ements. Instead, it turns out to be straightforward to
derive the little group representation directly.
We start with SG PI213 (198.11), where Eq. (59) holds
with g = {E| 12 12 12}T .82 (As is required for a Type IV
group, PI213 contains the product of time-reversal and a
fractional lattice translation.) We derive the commuta-
tion relations:
{C2z|1
2
0
1
2
}g = g{C2z|1
2
0
1
2
}{E|110}
{C3,111|0}g = g{C3,111|0} (61)
Acting at the R point (k = ( 12
1
2
1
2 )), these commutation
relations show that ∆({C2z| 120 12}) and ∆({C3,111|0})
both commute with ∆(g). Furthermore, since g2 =
{E|111}T 2, and ∆({E|111}) = −1 = ∆(T 2) (the first
equality follows because we are considering the action of
translations at R and the second because we are con-
sidering double-valued representations), it is consistent
to choose ∆(g) = K, the complex conjugation operator.
The consequence of this additional generator (relative to
those of I213 in Eq. (58)) is an extra constraint on the
k · p Hamiltonian, which pins it to the special exactly
solvable point: HWeyl−1(pi/2,k). This Hamiltonian can-
not be achieved in the non-magnetic space groups with-
out fine-tuning the parameters. To linear order in k,
the eigenvalues are exactly equal to ±|k| and 0. This
is an ideal situation because it maximizes the energy
gap between the non-degenerate bands emanating from
the three-fold degeneracy and thus allows the maximum
range for Fermi arcs.
The same result is true for the other Type IV groups
(SGs PI4332 (212.62) and PI4132 (213.66)): they have
yet another additional generator, {C2,110| 34 14 14}, on top
of the generators for PI213, but this generator does not
further constrain the k · p Hamiltonian.
VI. SIXFOLD FERMIONS
We now consider the sixfold degenerate fermions in
Table II. In the Type III groups Pa′3′ (205.35) and
Ia′3¯′ (206.39) the little group at the sixfold degeneracy
point is described by Eq. (59) with the anti-unitary gener-
ator {I|0}T .82 We could follow the procedure in Sec. V A,
but instead we notice that these generators are exactly
those of the little group at the P point in the Type II
SG Ia3¯ (206), which we analyzed in Ref. 40. The k · p
Hamiltonian describing the low-energy physics near the
P point in Ia3¯ is given by (up to an overall scale and
constant):
HDirac-1(φ, r, θ,k) =(
rHWeyl-1(φ,k) −ieiθHWeyl-1(pi/2,k)
ie−iθHWeyl-1(pi/2,k) rHWeyl-1(−φ,k)
)
,
(62)
where r, θ are real. We refer to this as a “spin-
1” Dirac fermion because we showed in Ref. 40 that
HDirac-1 is topologically equivalent to HWeyl-1(φ,k) ⊕
HWeyl-1(−φ,k), which is two copies of the spin-1 Weyl
Hamiltonian related by the product of time-reversal and
inversion symmetry. This is exactly how spin- 12 Dirac
fermions are related to spin- 12 Weyl fermions.
In the other two Type III groups, Ia′3¯′d (230.147) and
Ia′3¯′d′ (230.149), there is another anti-unitary generator,
{C2,110| 34 14 14}T , in addition to the generators in the pre-
vious paragraph82 (note that the generators of the little
group can always be chosen such that there is exactly
one anti-unitary generator and the rest are unitary; how-
ever, for comparison it is more useful in this case to add
a second anti-unitary generator). These generators are
exactly those of the little group at the P point in the
Type II SG Ia3¯d (230); we showed in Ref. 40 that the
k ·p Hamiltonian at that point is also given by Eq. (62).
Hence, the k ·p Hamiltonian is identical for all four Type
III groups with sixfold fermions (listed in Table II).
There is one Type IV group with a sixfold fermion
in Table II, PIa3¯ (205.36). The little group at the six-
fold degeneracy point is generated by G199P , inversion
symmetry and the anti-unitary symmetry {E| 12 12 12}T .82
This group is the little group at the threefold degener-
acy point in PI213 with the addition of inversion sym-
metry. We showed in Sec. V B that a representation for
the little group at R in PI213 is given by Eq. (58) and
∆({E| 12 12 12}T ) = K. We now try to find a matrix repre-
sentative of inversion symmetry, {I|0}. We will need the
commutation relations:
{C2z|1
2
0
1
2
}{I|0} = {I|0}{C2z|1
2
0
1
2
}{E| 1¯
2
0
1
2
}
{C3,111|0}{I|0} = {I|0}{C3,111|0}(
{E|1
2
1
2
1
2
}T
)
{I|0} = {I|0}
(
{E|1
2
1
2
1
2
}T
)
{E| 1¯
2
1¯
2
1¯
2
},
(63)
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where 1¯2 is shorthand for − 12 . At the R point, Eq. (63)
translates to the matrix commutation relations:
[∆({C2z|1
2
0
1
2
}),∆({I|0})] = 0
[∆({C3,111|0}),∆({I|0})] = 0
{∆({E|1
2
1
2
1
2
}T ),∆({I|0})} = 0 (64)
In addition, since {I|0}2 = I,
∆({I|0})2 = I (65)
Using the matrices in Eq. (58) and ∆({E| 12 12 12}T ) = K,
one can check that there is no solution for ∆({I|0}) that
satisfies Eqs. (64) and (65). Hence, the little group does
not have a three-dimensional irrep. Instead, inversion
symmetry requires that the original irrep (of the little
group at R in PI213) doubles in size:
∆PIa3¯({C2z|1
2
0
1
2
}) = ∆({C2z|1
2
0
1
2
})⊗ σ0
∆PIa3¯({C3,111|0}) = ∆({C3,111|0})⊗ σ0
∆PIa3¯({I|0}) = I3 ⊗ σz
∆PIa3¯({E|1
2
1
2
1
2
}T ) = I3 ⊗Kσx (66)
This extra symmetry restricts the k · p Hamiltonian to
take the special form, HDirac-1(0, 0, θ,k), whose spectrum
is given by two-fold degenerate bands with energies ±|k|
and another two-fold degenerate flat band at zero energy.
As we saw in the Type IV groups with three-fold degen-
eracies (Sec. V B), the Hamiltonian is pinned to a rather
ideal exactly solvable point, which is not achievable in
the non-magnetic space groups without fine-tuning.
VII. MATERIAL CANDIDATES
We present examples of magnetic materials that realize
the nodal fermions we have described. In particular, we
introduce a table of Wyckoff positions (Table V) that are
compatible with having a magnetic moment. This allows
us to find magnetic materials by searching for compounds
in a crystal structure database (for example, the ICSD)
that have a magnetic element in one of the Wyckoff po-
sitions in Table V. The examples we present serve as a
proof-of-principle that this method works to find mag-
netic multifold fermions. We postpone a more thorough
search to future work.
A. Non-magnetic
In Ref. 40, we presented the materials Ta3Sb, LaPd3S4
and Nb3Bi in SG Pm3¯n. Although it was not realized in
that work, these compounds present solid state realiza-
tions of the RS fermion.
B. Magnetic Type I groups
Table I lists the Type II space groups that can host
3-, 6- and 8-fold fermions; there we noted that 3-fold
fermions (and not 6- and 8-) can also appear in Type I
groups, which have no anti-unitary symmetries.
One example is realized by Mn3IrSi in SG P213 (198).
In this compound the magnetic atom (Mn) resides in the
12b Wyckoff position. Measurements in Ref. 83 and 84
revealed a complex magnetic order that did not change
the size of the unit cell; the corresponding theory further
showed that the magnetic order in the lowest energy con-
figuration preserved all of the unitary symmetry opera-
tions (see Fig. 3 (a)). Thus, the reported magnetic order
is described by the Type I group P213, which appears in
Table I as having a 3-fold(6-fold) degeneracy when time-
reversal symmetry is broken(present). We performed
spin polarized calculations with a Hubbard U chosen
to be 3 eV (a common value for 3d transition metals)
to reveal these three-fold/six-fold degeneracies in Fig. 3
(b)-(c). Absent any Mott physics, we expect the three-
fold(six-fold) degeneracies to be present below(above) the
Ne´el temperature. Other compounds of the same family
are Mn3IrGe, Mn3Ir1−yCoySi and Mn3CoSi1−xGex83,84.
SG 198 with time-reversal symmetry hosts a chiral six-
fold fermion, which is possible because the crystal be-
longs to one of the original Sohncke space groups, which
contain only rotational symmetries.42,43 Time-reversal
symmetry causes two copies of the three-dimensional chi-
ral irrep R¯7 to be degenerate in energy. Below the Ne´el
temperature, the two copies split. In both cases, the
physical consequences of a chiral fermion should be ob-
servable, in particular, quantization of the circular pho-
togalvanic effect42,43,85,86 and large Fermi arcs43,44.
C. Magnetic Type III and IV groups
We now turn to the challenge of finding materials in
the magnetic space groups. As mentioned earlier, this is a
nontrivial task because there does not exist a comprehen-
sive database of magnetic materials sorted by their mag-
netic space group (although some can be found on the
BCS87,88) and in many cases, the magnetic space group
is never reported. Thus, most generally, to find material
candidates in the magnetic space group G, we search the
ICSD47 by the nonmagnetic space group (denoted G′ in
Table II) for materials with magnetic elements.
Even without knowing the magnetic order, some can-
didate materials can be ruled out because they do not
have any atom in a Wyckoff position compatible with a
magnetic moment. (Not all Wyckoff positions are com-
patible: for example, if G contains C2x, C2y and C2z, a
site invariant under all three rotations is incompatible
with an ordered magnetic spin.) The compatible Wyck-
off positions are listed in Table V; they were obtained
via the MWYCKPOS82,89 tool on the BCS. (Note that
the magnetic Wyckoff positions are not always the same
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FIG. 3. (a) Crystal structure of Mn3IrSi in P213. It forms a noncollinear antiferromagnetic structure with Mn magnetic
moments found on three dimensional networks of corner linked triangles. Band structures in P213 (magnetically ordered) and
P2131
′ (TRS) with 3- and 6-fold fermions are indicated by red circles in (b) and (c) respectively.
as the Wyckoff position in the nonmagnetic space group,
and might not even have the same multiplicity.)
The complexity of the magnetic structures escalates
when we look for multifold fermions in Type III and
IV groups. We did not find in the literature magnetic
materials displaying these phases; however, we deduced
compounds in time-reversal invariant parent SGs that
could potentially host these magnetic structures, and we
have computed the magnetic space group that minimizes
the energy from ab initio calculation. We hope that the
proof-of-principle materials presented here serve as inspi-
ration for experimentalists and crystallographers to more
systematically classify magnetic structures by symmetry.
Our Type III candidate is Cu3O6Te
90 in Ia′3, which
consists of distorted close-packed O layers in c stacking
and Cu and Te in octahedral voids (see Fig.4(a)). The
magnetic atoms (Cu) reside in the 24d Wyckoff posi-
tion. This compound was reported to have a long-range
magnetic order91 below 61.7 K, although the magnetic
structure was undetermined. Recently, using inelastic
neutron scattering, a long-range collinear antiferromag-
netic order below the transition TN temperature of 61K
was reported, with spins aligned along [111] direction.92
This is a different configuration than in our computa-
tional experiment; although the magnetic phase we have
computed has not been reported, different growth condi-
tions or external parameters could tune the material into
it.
In the Type IV groups, we report the antimonide
Zr2V6Sb9, in PC4/nmm, to be a candidate material to
display RS fermions93. It contains chains of face-sharing
square Zr-centered Sb8 antiprisms, which are surrounded
by V layers, where the V atoms are situated in severely
distorted Sb6 octahedra, as shown in Fig. 5 (a) and (b).
The magnetism comes from antiferromagnetic ordering
on the V atoms, which reside on two different Wyckoff
positions: the 4d and 8i positions in the Type II par-
ent space group P4/nmm1′, which correspond to the 8d
and 16i positions in PC4/nmm. Generically, the mag-
nitude of the magnetic moment is different on different
Wyckoff positions and it is not necessary for both posi-
tions to have a non-zero moment in order to display RS
fermions. The material was reported to be paramagnetic
at low temperature, however attempts to synthesize crys-
tals suitable for direction dependent measurements were
unsuccessful. Fig. 5 (c) shows the band structure of
Zr2V6Sb9, with RS fermions surrounded by red circles.
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FIG. 4. (a) Crystal structure of Cu3O6Te in Ia
′3. (b) Band structure along high symmetry points with 6-fold degeneracies
indicated by a red circle.
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FIG. 5. (a)-(b) In-plane and general view of the magnetic structure of Zr2V6Sb9 in PC4/nmm respectively. (c) Band structure
along high symmetry points; Rarita Swinger fermions are surrounded by red circles.
VIII. DISCUSSION
In this paper, we have exhaustively enumerated the
unconventional fermionic quasiparticles that can occur
in magnetic metals and semimetals, shown in Table II.
Additionally, we have explored the properties of these
highly degenerate excitations using the k · p expansion.
In doing so we have highlighted that many eightfold de-
generate fermions in both the magnetic and nonmag-
netic space groups realize a generalization of the massless
Rarita-Schwinger Hamiltonian, in many cases with an ap-
proximately conserved chirality operator. In addition, we
showed that the Type IV magnetic groups contain mul-
tifold fermions that reside at idealized exactly solvable
points in the phase diagram that are not achievable in
non-magnetic space groups without fine-tuning. Finally,
we have presented several material candidates which can
serve as a platform for finding multifold nodal fermions
in realistic magnetic systems.
This work is not the end of the story, but rather can
serve as a foundation to explore several future directions.
First, we expect by analogy with the nonmagnetic case
that the magnetic multifold fermions presented here play
a crucial role in determining the minimal insulating fill-
ing of magnetic systems.61 Understanding the insulating
filling constraints in magnetic systems will be crucial for
finding magnetic multifold nodal points in real materi-
als, since in a strongly interacting magnet the notion of
a quasiparticle band can in general only be well-defined
near the Fermi energy.94 We thus must look for materials
with half-filled groups of bands near the Fermi energy in
order to resolve these multifold magnetic fermions.
Second, we expect these fermions to exhibit a host
of exotic topological phenomena, in analogy with their
nonmagnetic counterparts. Chiral threefold and sixfold
fermions will host surface Fermi arcs; since time-reversal
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Deg. Type BNS Wyckoff
3-fold III 212.61 all
213.65 all
214.69 all
220.91 c, d, e
230.148 a, b, c, e, f, g, h
3-fold IV 198.11 all
212.62 b, c, d, f, g, h, i
213.66 a, c, d, e, f, g, h, i
6-fold III 205.35 c, d
206.39 c, d, e
230.147 b, c, d, e, f, g, h
230.149 e, f, g, h
6-fold IV 205.36 b, c, d, e
8-fold III 222.102 e, f, g, h, i
223.108 f, g, h, i, j, k, l
230.149 e, f, g, h
8-fold IV 125.374 e, f, h, i, j, k, l,m
126.385 e, f, h, i, j, k, l,m, n
129.420 d, g, h, i, j, k
131.445 e, k, l,m, n, o, p
132.458 i, j, k, l
136.504 h, i, j, k, l
215.73 f, g, h
221.97 i, j, k, l
224.115 g, h, i, j, k, l
TABLE V. Magnetic Wyckoff positions compatible with a
non-zero magnetic moment. The first column gives the degen-
eracy, the second column the type of magnetic space group,
the third column the BNS number of the group and the fourth
column gives the Wyckoff positions that can host a non-zero
magnetic moment.
symmetry is broken, these arcs need not come in pairs.
This opens up the possibility to predict and observe large
anomalous Hall conductances, as well as novel nonlinear
optical response.42 Additionally, even the nonchiral mag-
netic degeneracis (such as the RS fermions) may exhibit
exotic Landau level spectra and anomalous magnetore-
sistance due to an approximately conserved chirality.80
Finally, we expect that these multifold fermions can
serve as a platform for field-tunable topological behav-
ior. Previous studies51,63 have shown how magnetic fields
can be used to generate Weyl fermions from topologi-
cally trivial band structures. From our analysis here,
this approach to designer topological semimetals can be
extended to higher-Chern number multifold semimetals.
Furthermore, we expect that magnetic transitions which
gap these unconventional fermions could lead to exotic
magnetic (higher-order) topological phases.
Using the tools we have developed here, we hope to in-
spire further work along these directions. In particular,
we hope to highlight the benefits that could be reaped
from a more systematic symmetry classification of re-
ported magnetic structures in materials databases.
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Appendix A: Proof of Eq. (6)
Given a magnetic group, G, and a momentum, k, if
the little group Gk contains anti-unitary elements, then
there must exist an h0 ∈ H that satisfies Eq. (5), which
we have repeated here for convenience:
T g0h0k = k. (5)
(For if there was no such h0, then Gk would be unitary.)
Here we prove that the little group Gk is given by:
Gk = Hk ∪ T g0h0Hk. (6)
Proof: first, since Hk is the unitary part of Gk, we
need only prove that the set T g0h0Hk is exactly the anti-
unitary part of Gk. In the first direction, T g0h0Hk ⊂ Gk
because for each hk ∈ Hk,
T g0h0hkk = T g0h0k = k, (A1)
where the first equality follows because hk ∈ Hk and
the second equality follows from Eq. (5). In the other
direction, if g ∈ Gk is anti-unitary, then g = T g0h for
some h ∈ H; thus, T g0hk = k. Combined with Eq. (5),
hk = h0k. Hence, h ∈ h0Hk, which completes the proof.
Appendix B: Little groups with 3- or 4- dimensional
double-valued (spinful) irreps
We have checked (using the BANDREP application on
the BCS server73) that the largest double-valued (spinful)
irreps of little groups that appear in the unitary Type I
space groups are 3- and 4- dimensional. These are listed
in Tables VI and VII, respectively. We have listed the
largest spinless (single-valued) irreps of little groups in
Appendix C.
Notice that all of the little groups with 3-dimensional
irreps (listed in Table VI) appear in Table I of Ref 40
as 3- or 6-dimensional irreps because in Ref 40 time re-
versal symmetry is included, which can either double the
dimension of the irrep or leave it unchanged. All of the
8-dimensional irreps in Table I of Ref 40 have doubled
with time reversal symmetry and hence appear here in
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SG k Irrep
198 R R¯7
199 P P¯7
205 R R¯10, R¯11
206, 214 P P¯7
212, 213 R R¯7, R¯8
220, 230 P P¯7, P¯8
TABLE VI. Unitary (Type 1) space groups that host 3-
dimensional double-valued irreps. The first column gives the
space group number, the second column the k at which the
irrep exists and the third column gives the name(s) of the ir-
rep(s), using the notation of the BANDREP app on the BCS.
Table VII. However, there are some 4-dimensional irreps
in Table VII that do not appear in Table 1 of Ref 40;
these are exactly the irreps that do not double in the
presence of time reversal symmetry.
Appendix C: Little groups with 3-, 4- or 6-
dimensional single-valued (spinless) irreps
We have checked (using the BANDREP application on
the BCS server) that the largest single-valued (spinless)
irreps of little groups that appear in the unitary (Type
I) space groups are 3-, 4- and 6- dimensional. These are
listed in Tables VIII, IX, and X, respectively.
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